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It is shown that natural vibrations, localized around the inclusion, are possible in a system consisting of an “infinite string on an
elastic foundation—concentrated inertial inclusion which moves at a constant, subcritical velocity”. The evolution of the trapped
mode of oscillations is described analytically for the case of a slowly accelerating inclusion, i.. the dependence of the amplitude
of the oscillations on the frequency is found. The solution which is constructed holds in the time interval when the velocity of
the inclusion is not close to the critical velocity (the non-resonance case). An approach to the solutions of similar problems,
based on the method of multiple scales, is proposed which enables one to reduce the solution of a problem to investigating an
ordinary differential equation with slowly varying coefficients. © 2003 Elsevier Science Ltd. All rights reserved.

The problem considered here of the dynamics of a string on an elastic foundation which is acted upon
by a concentrated, moving, inertial load can be of interest for two reasons.

First, it is well known [1] that natural oscillations which are trapped near the inclusion are possible
in an “infinite string on an elastic foundation—concentrated, fixed inertial inclusion” system. It is shown
below that, if the inertial inclusion moves at a constant subcritical velocity, a trapped modes of oscillations
are also possible. If, however, an inclusion is considered which moves along the string with a small
acceleration, then the problem of describing the evolution of a trapped mode of oscillations in a system
with slowly varying parameters with respect to time naturally arises. The development of an approach
to solving such problems is one of the aims of this paper.

Second, it is well known that it is impossible to exceed the critical velocity of an inertia-less,
concentrated, accelerating load moving along a string. Solution of the problem in a linear formulation
shows that, at the instant when the critical velocity is exceeded, the spatial derivative of the displacements
of the string in front of the load becomes infinite [2-4] and, as a consequence, an infinitely large
longitudinal force of wave impedance to the motion acts on the load [5]. A consideration of the problem
in a non-linear formulation also does not completely resolve this paradox [6]. The hypothesis was put
forward in [7] that the paradox can be removed if an inertial load is considered. Then, the force acting
on the string from the side of the inclusion at the instant when the critical velocity is exceeded could
turn out to be zero when there is a non-zero external force acting on the load. In this case, it would
become possible for the critical velocity to be exceeded. Another aim of this paper is to obtain the
asymptotic form of the solution of the problem of surmounting the critical velocity of an inertial load
in the case of an acceleration which approaches zero. It should be noted that the solution for an
accelerating load, which is obtained below, only holds in the time interval when the velocity of the load
is not close to the critical velocity (the non-resonance case). Nevertheless, the stage necessary to construct
the solution in the resonance case is carried out.

1. FORMULATION OF THE PROBLEM

We introduce the following notation: u(x, ¢) is the displacement of the point of the string with coordinate
x at the instant of time ¢, T is the tensile strength of the unperturbed string, p is the density per unit
length of the string, ¢ =\ Ty /p is the speed of sound (the critical velocity), I(¢) is the loading coordinate
(a specified function), v(t) = I(r)anda(f) = [(¢) are the velocity and acceleration of the load respectively,
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826 S. N. Gavrilov and D. A. Indeitsev

B = v/c, kg = Tok > 0 is the coefficient of elasticity of the foundation, yo(t) = Ty (¢) is the transverse
force acting on the string on the side of the load, fy(t) = Tf(¢) is the external transverse force acting
on the load, m = Tym is the mass of the load, u, is the deflection of the string at the point of application

of the load and 6 is the Heaviside function.
The equations of the dynamics of the string and the load have the form

W - zlfa' — k= ()8~ (1)), midy = ~3(O)+ F(0) (L1)

The kinematic relation
up(H) = u(l(), 1) (1.2)

holds.

Regarding the load, we assume that it suddenly arises when ¢ = () and, moreover, the string has been
in a state of rest up to this instant. We therefore put %(f) =0 when t < 0. Correspondingly, a generalized
Cauchy problem [8] with the conditions

u(x, 1) |;c0=0, u(x,1)|,.o=0 (1.3)

is set up for the first equation of (1.1).

We shall assume that /(0) = 0, v(0) = vy and that |vy| < c.

We consider the first equation of (1.1) in a system of coordinates £ = x - [(¢), T = ¢ which moves
together with the load. Taking account of the first equation of (1.1) and relation (1.2), we have

” 2U ” a ’ l ” "
(1- B gy U g = U k= (e~ )B(E) (1.4)

2. THE INTEGRAL EQUATION FOR THE FUNCTION ¥

The first equation of (1.1) is an inhomogeneous Klein-Gordon equation. Its solution can be represented
in the form of a convolution of the fundamental solution [8] with the rightful part. Taking (1.3) into
account, we obtain {4, 9]

=§} (1)9( J—)—C%I—(T—t—)—l)lo(‘i'(t,t,x))dt Q1)
0

W1, 1, x) = V(e (1 - 1) - (x - [(1))>

In the case of subcritical motion of the load, the first equation of (2.1) gives

Uy = %i XY, T, i) dn 22)
On the other hand, by virtue of the second equation of (1.1)

ug = % z (f(1) = (D)t - 1)dt (2.3)

Equating the right-hand sides of Eqs (2.2) and (2.3), we obtain an integral equation of the first kind,
the solution of which is x(¢). Differentiating this equation with respect to ¢, we obtain the integral equation
of the second kind

2 = j(‘_u_o_(:_p.(.d___'t'”@ﬁ m) (1)d1+-—-jf(t)dt (2.4)

Integral equation (2.4) is convenient for the numerical solution of the problem.
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3. MOTION WITH CONSTANT VELOCITY

We put @ = 0 and consider the homogeneous (f = 0) stationary problem (we drop initial conditions
(1.3)) of the natural oscillations of the system described by Eq. (1.4). Suppose

u=U&)exp(-iQ1), uy =U,exp(-iQrt) (3.1)

It is well known [1] that, when v = 0, this system has a mixed spectrum of natural oscillations.
Sinusoidal travelling waves correspond to the frequencies |Q| = cVk (where cVk is the cutoff frequency).
These frequencies form a continuous spectrum. The specific feature of systems with inertial inclusions
is the fact that a discrete spectrum of natural frequencies of the oscillations can exist for which |Q| <
¢Vk and the modes are localized in the neighbourhood of the inclusions. In such cases, one speaks of
trapped modes of oscillations. In the given case, a single frequency *Q exists for which the eigenvalue
problem being considered has a non-trivial solution; a mode of oscillation which decays exponentially
at infinity corresponds to this frequency.

We will show that an analogous situation also holds in the case when |v| = const < ¢. Since trapped
modes of oscillation are of interest, we will formulate the boundary conditions at infinity in the form

u—0,when £ 5t (3.2)

Substituting expressions (3.1) into Eq. (1.4), we obtain

U,, - 2iBQ)U, - AX(Q)U = ’”Qzu 33
gg-t()g—()——l—:ﬁ'oaﬁ) (3.3)
where
kc? -Q? vQ
AQ)="35 BQ =7 (3.4)

The dispersion relation for the operator of the left-hand side of Eq. (3.3) has the form

@? ~ 2B(Q)® + AA(Q) =0 (3.5)

whence
o = B(Q) £ iS(Q) (3.6)

The solution of Eq. (3.3) when v < ¢ can be written in the form

mQ} exp(-S(Q,) | & | +iB(Qy)E)

UE)=U, 3.7
®=0 2(1-B*)S(Qp) 7
where
2,2 2
s%m:ﬁmyeﬂm:M Q.=\/k(c2 -v?) (3.8)

(C2 -U2 )2 4

Here, Q« is the cutoff frequency for an inclusion moving along the string and S(Q) > 0 when Q < Q.
Noting that U(0) = Uy, we obtain the frequency equation

mQy =2(1-B*)S(Qq) (3.9)

from which we find the value of the frequency corresponding to the trapped mode of oscillations

Q2 = 2m 22 (J1+ mEcik(c? -v ) 1) (3.10)

On comparing the linear combination of solutions corresponding to the frequencies £, we obtain
an expression for the real solution of Eq. (1.4), which corresponds to oscillations which are trapped in
the neighbourhood of the load
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u=Cexp(-S(€) | & cos(Qyt - B(Qy)E + D) (3.11)

where C and D are arbitrary constants.
Remark 1. When v — ¢ - 0, we have

kim2c?

Qf=Ql- 2 -v ) +o((c? -v?)?)

k2 2.4 %
53(Qq) = ";C , | B(Qo)| ~ ’1_32 S (3.12)

We will now consider the inhomogeneous problem, assuming that the external load f is constant.
Applying a generalized Fourier transformation with respect to time to Eq. (1.4) when a = 0, we obtain,
taking account of the zero initial conditions

(mQ” Flug () + fFIB]) exp (-S(Q)| & | +iBQ)E) (3.13)
2(1-B%)S(Q) ‘

Flul(§,Q) =

where F is the Fourier transformation operator. Hence

- 18] 3.14
)= S s) —mi (-14)

In the case of large 7, an asymptotic estimate for U, can be obtained, starting out from relation (3.14),
by the stationary-phase method. It is well known [10] that the motion of the inclusion when T — = has
the form

U= Y U (1)exp(-ir)+0(17'?) (3.15)

Qeog

where the summation is carried out over the set of frequencies 6, = {0, +Q,, +Q,} (which are different
when |v]| < ¢). The expressions

2
U = f 2% = _mf U = o3 (3.16)

2Jk(l—[32), m*c?Qi +2’ 0

can be obtained for the “amplitudes” U§™.

Hence, the solution u is asymptotically represented by the sum of the non-decreasing contributions
from the frequency of the trapped made of oscillations Q, and the zero oscillation. The contribution
to the solution from the continuous spectrum is asymptotically determined by the decreasing contribution
from the cutoff frequency Q..

4. MOTION WITH A SMALL ACCELERATION

We shall assume below that the acceleration a = O(g) of the load is small and seek an asymptotic solution
of the problem when

T, |u]=

(j: a(t)dl{ <c 4.1)

Problems of an inertia-free load on a string [4] and of a Timoshenko beam [11] on a deformable foundation
have been considered previously in an analogous formulation. A solution was obtained for the wave fronts using
estimates of the convolution integral of Green’s function of the Klein—~Gordon operator with the right-hand side
of the first equation of (1.1).
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If the acceleration a of the load is small, the coefficients on the left-hand side of Eq. (1.4) are slowly
varying functions of time. The idea behind the approach proposed below is as follows. For long times,
the system (when there is no external force) essentially behaves as a one-degree-of-freedom system,
and it is therefore natural to expect that the evolution of a trapped mode of oscillations can be described
using an ordinary second-order differential equation with slowly varying coefficients. It is preferable
to obtain this equation without determining the evolution of the solution of Eq. (1.4) with respect to
the spatial variable & since the latter problem is exceedingly complex. It turns out that this is possible.

We will seek particular solutions of Eq. (1.4) for & < 0 and § > 0 in the form

uy (€, 1) = Wy (X, Texp(py(§,1), X=¢x, T=¢t 4.2)
o =i(X,T), @7 =-iX,T)

Here, W(X, T), o(X, T) and Q(X, T) are unknown functions which are to be determined using Eq. (1.4);
W=W, and ¢ = ¢, if sign £ = y. We require that the frequencies 0(X, T) and Q(X, T) should satisfy
dispersion relation (3.5) and the equation

Qy+0r =0 (4.3)

which follows from the last two relations of (4.2). The phase @(&, 1) is determined using the formula
¢ = if (0dt - Qdt) (4.4)

The solution of Eq. (1.4) is continuous when & = 0, and we therefore require the continuity of
W(X, T) and (&, 1) at a point under the load. For u,, we have

up(t) = W(0, T) exp(Qo(T)), 9o(1) = ¢(0, T) (4.5)

We shall only consider the non-resonance case. This case holds if the quantity |¢ —~v(T)| is non-zero
and all the frequencies from the set, over which the summation on the right-hand side of equality (3.15)
is carried out, can be assumed to be different.

We will assume that the characteristic time, after which the velocity v undergoes substantial changes,
is significantly greater than the characteristic time after which the establishment of wave processes takes
place in the case when a = 0 (so that the asymptotic form of (3.15) describes the solution well). In this
case, the solution of the problem of the motion of a load with constant velocity shows that it is natural
to make certain “a priori” assumptions regarding the structure of the solution in the case of a small
acceleration a. We shall assume that, for long times, the solution of the problem has the form

wty= Y UPMexpofP()= ¥ uf (4.6)
Qeo(T) Qeo(T)
Q)
‘20 = —iQ(T)

where the summation is carried out over the set of frequencies 6(T) = {0, +Qy(T)} (the frequency Q,
depends on the slow time 7 in accordance with formula (3.10)). In fact, the solution will also obviously
contain modes of oscillation with other frequencies; in particular, taking account of the mode with
frequency Q«(7T) can be important, especially in the resonance case.

The problem of finding a particular solution of Eq. (1.4) which satisfies condition (4.6) therefore arises.
In the non-resonance case, the modes of oscillation, which correspond to frequencies from the set g,
can be considered as independent and the contribution from each of these frequencies can be determined
independently. The reqmred pamcular solution can therefore be sought in the form of the superposition
of three solutions ¥ which, when sign & = v, have the form of (4.2), for which Q(0, T) € o(T).

Formally integrating Eq. (1.4) over an infinitesimal neighbourhood of the point £ = 0, we find that
solution (4.6) must obey the equation

mugy ~ f = (1-B)u] (4.7)

Henceforth, the jump in a quantity when € = 0 is indicated by square brackets.
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Equation (4.7) can be split into three equations for each of the functions u“ by using the linear
independence of the terms corresponding to the different frequencies from the set o.

An approach, based on the method of multiple scales [12], is proposed below which enables us to
determine the unknown functions U ().

5. THE CONTRIBUTION FROM THE NATURAL FREQUENCY =xQ,

Suppose Q = 8Qy, & = =1, Q; > 0. Furthermore, for brevity, we shall omit the subscript () in the
case of the functions ug, ® and @,. For the mode of oscillations with frequency 8C, we have, by virtue
of relations (4.2),

mugye = (1= B?) (g [i0d(0, T)] + €[ Wy Jexp (9o (1)) (5.1)

The quantity 0(0, T) = w, is calculated using formula (3.6) when Q = 8€; (the root which corresponds
to a decreasing solution when £ — oo is chosen).

We will now make use of a modification of the method of multiple scales for linear equations with
slowly varying coefficients [12, Ch. 7] and seek the function U, in the form of the asymptotic series

Up(T = 3, elUY(T) (5.2)
j=0

As is customary when using the method of multiple scales, we will assume that the variables ¢, and
T are independent. Derivatives with respect to 7 are transformed according to the rules

(); = —15008 fi) + Ear (53)

(Ve = =Q503000 ~ 2618 Qod07 — €D QY7 g + 7077
and, when these rules and equality (5.1) are taken into account, it can be verified that the zeroth
approximation equation is 1dentlcally satisfied by virtue of frequency equation (3.9). In order to

determine the unknown function U$(T), it is necessary to consider the equation of the first approximation
2Q,U + QUL = im™8(1 - B){Wy] (5.4)

in Wthh by virtue of frequency equation (3.9), there is no term associated with the first approximation
U{. Equation (5.4) contains the unknown quantity [Wy]. We determine this quantity by considering
Eq. (1.4) when § = *0.

We again use the method of multiple scales. For brevity below, we shall.omit the subscript y in the
case of the functions W and w. We employ an approach which is similar to that used above in the case
of Eq. (5.1) and has been extended to the case of a partial differential equation with slowly varying
coefficients. We put

W(X,T)= i W/ (X,T) (5.5)
j=0

The variables ¢, X and T are assumed to be independent. The time derivatives in (1.4) are transformed
using formulae (5.3), where ¢ has to be taken instead of ¢,. Furthermore, we have

a§ = l(l)aw + eax
3 = ~00°3%, + 2600y +Eidy , + %%y (5.6)
3F, = WAy, + EiILy - £idQOLy + i}, +€%3%7
Substituting the expressions for the derivatives and the asymptotic expansion into Eq. (1.4), we obtain
that the zeroth approximation equations are satisfied identically by virtue of dispersion relation (3.5).

In order to determine the first term W of series (5.5), it is necessary to consider the first-approximation
equation
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(1-B) oWy +yW0)+2uc2 (W —8Q,Wy +w;rWP)+
+ac?oW® +c2802Q,WY + QW) =0 (5.7)
We have
0 = 0Ly = —0Hw} (5.8)
by virtue of Eq. (4.3). Transforming Eqg. (5.7), we obtain

. 1 2
wo =_ : F. 5.9
X 2880, )(c? -uz),}::o ! (5:9)

Fy =aoW’, F =200+8Q,)W
F, = (~(c? -vH)oqw] +2u o +8Q) )W

0Calculating the jump when X = 0 from here, we find, on taking account of the fact that WO(O, T)=
Uo(T),

(@ +D,)UG + D Ugr
iS(Qy)c? ~v'?)

Wy 1= (5.10)
@, = aB(5Q,), P, =20B(EQ,)+ Q)
D, =~ (c? —v2) (B (8B} (8Q) - S5 (8Q0)Sy(8Qy)) + 20 B (8C) + Q4 = D3 + D,
@5 =(c? —v2)SH(8Q))Sy (8Q,), D, =uBH(8Q) +0QY,

Substituting the first equation of (5.10) into Eq. (5.4) and using frequency equation (3.9), we obtain

21-B2)(Dy + D,)US + B US|
m2c293

2Q,Upr +QyrUp = (5.11)

d=1

Equation (5.11) enables us to determine the unknown function U 0(T). The coefficient of U 8} is equal
to

21 - B2 2 242
20,+ 2B =y oBar2 (5.12)
m°c" Qg s m-c Q)
We now use the notation

z=m?c* Qi +2, A=1+m2ch(c? v =7%/4 (5.13)

The solution of Eq. (5.11) has the form

1-B* XD, + D
U8 =2 g, expf - LB X0+ P)loey (5.14)
2 Q()Z

22
Q
Jl = exp(—fm 2(:2 odﬂo) = 2_1/4

where Cy is an arbitrary constant. It remains to evaluate the integral on the right-hand side of the first
equation of (5.14). We have
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avQ, 2av°Q,

_ mQQp mclvaQ) +
T ol 1B (v )

1-p2 +(c2—v2)2’
(1-B*)g |5
= - dT
Jy exp( | "

2
Jy= ex;{— il it 2 BQ)% o=y d’l‘] =J U

STI' ¢4 |8=I =

0<
m* Qv )

Jo =exp| - O dv |=JyJ
o120 |
dv?
o= g dv” |\ [2_ 7
9 exp[ j2(c2—vz)) Ne? -v

dv?
ho=eoR T nR

2
s =expl - UoP Palen BQ)::‘ = dT] =JyJsls =17 Isiy

2.2
I, =exg| <[ dﬂo)exp(Jm c Qodﬂo)= 1

2Q, 22 1,9

= ._:d_l__._ .__._]——- dk = -14-2
Js=ew|] 200~ DV )CXP( ] m) hoda

Finally, we obtain
Cy iy _ G 2oy?
N K R ) o
0 o(m e Qp +2)

Remark 2. When v — ¢ — 0, we have U} = O((cz - \,)3)"‘) by virtue of the second expression of (3.8) and the
asymptotic formulae (3.12).

6. THE CONTRIBUTION FROM THE FREQUENCY Q =0

The existence in the solution of a contribution with zero frequency is due to the fact that a constant
external force acts on the system. Taking into account dispersion relation (3.5) and the boundary
conditions at infinity (3.2), Eq. (4.7) gives

W = f - f
250)1-B*)  2,/k(1-p?)

(6.1)

The right-hand side of this equation is identical with the right-hand side of the first equation of (3.16)
and, also, with the subcritical solution of the problem of the slow acceleration of an inertia-free

load [4].
To sum up, we have obtained

2 2 ¢
Uy = Cy|——ts (Q TdTJ+ / (6.2)
o = Co Qg (2L +2) COS{) o(T)dT | 2.Jk(1-B2)

In order to determine the unknown constant Cy, it is necessary to make use of the initial conditions.
We assume that U(()Q“), when ¢ = 0, is equal to the expression on the right-hand side of the second equality
of (3.16), calculated when v = vy.
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Fig. 1

7. COMPARISON WITH NUMERICAL RESULTS. CONCLUSIONS

Numerical calculations, based on Eq. (2.4), were carried out in order to check the asymptotic solution
constructed above. These calculations were carried out using the following values of the parameters:
c=Lk=2m=2f=1,v9=0whena = 0.02 and a = 0.1 (Fig. 1). The solid curves represent the
numerical results and the dashed lines show the analytical results (a graph of the envelope of the
analytical solution is given on the left). It is seen that, even if the acceleration of the load is quite large,
such that the time interval from the beginning of the acceleration up to the instant when the critical
velocity is exceeded fits into just one and a half periods of the natural oscillations of the inclusion, the
asymptotic solution constructed is in good agreement with the calculated solution. As would be expected,
this solution inadequately describes the dynamic process at short times and in the case of values of v
which are close to c¢. Note that the results of the investigation of the problem even in the non-resonance
case and, also, the results for the resonance case enable us to assume that, as the velocity approaches
the critical velocity, a system with an inertial load behaves in the qualitatively similar manner to a system
with an inertia-free load.

This research was supported financially by the Russian Foundation for Basic Research (99-01-00693,
01-01-06094).
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